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Modal Synthesis When Modeling Damping by
Use of Fractional Derivatives

Asa Fenander*
Chalmers University of Technology, S-412 96 Gothenburg, Sweden

The fractional derivative damping model and some of its properties are discussed. Small problems involving
fractional derivatives may be solved in the Fourier domain. Here modal synthesis is used to solve the equations
of motion in the time domain. A state-space vector containing fractional derivatives of the displacements is then
introduced, and the system of equations is expanded. The resulting system of equations is decoupled by use of
the complex eigenvectors of the system. The solutions of the decoupled equations are superposed, weighted by the
eigenmodes, to give the response of the structure. The computational effort can be reduced by taking into account

some of the properties of the system.

Introduction

AMPING is always present in the motion of structures. There-

fore, to fully model the dynamic behavior of a structure, its
damping properties have to be taken into account as well as its
stiffness and mass. There are several ways to model damping, each
having its advantages and disadvantages. One common and simple
way is to use the viscous model, i.e., the damping force is taken as
proportional to the first time derivative of the displacement. This
means that the damping is proportional to frequency, which results
in very high damping at high frequencies. By adding terms contain-
ing higher order integer derivatives of displacement and force, the
force—displacement relationship may be better fitted to experimen-
tal data. However, often many terms have to be used to get a good
fit.!

Another commonly used model is the hysteretic model. In that
model the ordinary modulus of elasticity is replaced by a complex-
valued modulus, implying that the damping becomes independent of
frequency. This model works well for harmonic vibration, but it leads
to noncausal responses to transient loads.? A third linear model,
the fractional derivative model as studied in this paper, results in
moderate damping at high frequencies and leads to causal responses
to transient loads.

Already in 1936, Gemant? observed that the harmonic motion of
viscoelastic bodies behaves like frequency raised to fractional pow-
ers and suggested the use of fractional derivatives. In 1979, Bagley
and Torvik* studied the stresses resulting from sinusoidal strain in
the fractional derivative damping model. These stresses were shown
to be sinusoidal when the initial transients had died out and the hys-
teresis loop was found to be elliptical. Bagley and Torvik® have
also developed finite element equations for the fractional derivative
model in the Laplace domain. Finite element equations in the time
domain were studied by Bagley and Calico,® who rewrote the equa-
tions to make it possible to solve problems with nonhomogeneous
initial conditions. Computational algorithms for finite element sim-
ulations have been derived by Padovan.”

Makris and Constantinou® used a model including fractional
derivatives to describe single-degree-of-freedom dampers used for
vibration and seismic isolation. The responses of the dampers were
calculated by use of the discrete Fourier transform. Gaul et al.” stud-
ied a way to calculate the impulse response function of a damped
oscillator. Both a fractional derivative damping model and a hys-
teretic damping model were used. The authors also commented on
the causal behavior of the fractional derivative damping model. The
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fractional derivative model in convolution integral form is studied
by Enelund and Olsson. !

When equations of motion contain fractional derivatives, it is
often convenient to transform them into, and solve them within, the
Fourier domain. One reason for the present investigation has been
the possibility to use the fractional derivative model for polymer
railway pads in an already existing railway model. This model is
described by its modal components, and therefore a modal synthesis
method to solve fractional equations of motion in the time domain
is studied.

Fractional Derivative Damping Model

In the most general case the relationship between uniaxial stress
o and strain € in the fractional derivative model may be expressed
as

M g N dwe
U+Zl,,,W=E06+ZE,,dt—an )
m=1

n=1

Here the factors /,,, Ey, and E,, together with the fractional orders a,,
and B,, of the derivatives are material parameters. For integer order
derivatives in Eq. (1), the standard viscoelastic model is recovered.
The fractional time derivative of order o, 0 < o < 1, is often defined
asll

N d*x 1 a [’
oD [x ()] = e

_ d x(1)
Tr(l-w)dt f, t—1)

@)

where I" is the gamma function. One property of the fractional
derivative is that if a function is zero for negative times, then the
Fourier transform of the fractional derivative of the function equals

(iw)® times the Fourier transform of the function itself.® Denoting
the Fourier transform of [ ], by [~], one may write

[dzy)] = ()*[x()] 3

where (iw)® is the principal root and the Fourier transform is defined

as
X)) = f

It has been observed® that only five parameters often suffice in
the stress—strain relationship (1) to get a good fit to experimental
data,

x()e " dt 4)
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To obtain a thermodynamically well-behaved model some con-
straints have to be placed on the parameters of the model. Bagley
and Torvik'? state that these constraints are

Ey =0, E >0, >0, E]/IZE(), Ol:ﬁ

6
In other words, the orders of the two fractional derivatives in
the model have to be equal, which means that the original five-
parameter model reduces to a four-parameter model. If [ is set to
zero, the damping will be large at high frequencies (as for the vis-
cous damper). With / and E| equal to zero, Hooke’s law is obtained.
Note that E,/! = Ey is equivalent to zero damping.

One-Degree-of-Freedom System
As an example, the one-degree-of-freedom system in Fig. 1 is
studied. It consists of a mass m, m = 1 kg, and a damped spring.
The latter is modeled by use of the relationship in Eq. (5),

a8 f dox
[— =k
f+ a1 x+cdta

O

Here f isthe force in the spring. A unit impulse load is applied to the
mass at time ¢ = ¢, and the resulting displacement x (¢) of the mass
is calculated. Only homogeneous initial conditions are considered,
i.e., the system is at rest at times ¢ < 0.

Newton’s second law applied to the mass gives

d*x

moz=F-f ®)

Here F is the applied load. By taking the Fourier transform of
Egs. (7) and (8) and eliminating the force f one has
1 .

X = F 9
* T T + {lcGw)® + kI/IGw) + 11) 2

In the examples studied the load is a unit impulse load at time
t =1t ie., F = F&§( — t;) where F = IN, which has the Fourier
transform ' = Fe~'*" The displacement may be transformed back
into the time domain numerically by use of the discrete Fourier
transform.

In Fig. 2 the response of the one-degree-of-freedom system in
Fig. | is plotted when the order o (= f) of the derivatives is set to
0.50, 0.67, and 1.0, respectively. The other spring parameters are
given in Fig. 2. As may be seen, the motion decays faster when the
order of the derivative is high. This also reduces the frequency of
the motion.

Another way of treating Egs. (7) and (8) is to eliminate the force
£ inthe spring directly, by taking the g derivative of Eq. (8) As the
mass is at rest at time ¢ = 0, the composition rule yields'"

d? (dx\  d&Px d? [dfx (10)
dif\ de2 ) 7 de2+p T de2 \ def
Equations (7) and (8) now combine to the differential equation

P+e Cx dPF
lm—dt2+;+md[)zc ke =lgp v F (D

This differential equation is of higher order than the original equa-
tions and it needs more initial conditions. Five initial conditions are

}%
"
77t

Fig.1 One-degree-of-freedom system.

x(m) 1.0 SU—

-1.0

1.0 2.0 3.0 4.0 5.0
e,

Fig.2 Calculated response of one-degree-of-freedom system in Fig. 1 to
unitimpulse load at#/t; = 1. Order of derivatives a(= 3) is 0.50,0.67, and
1.0, respectively. Parameters arem = 1 kg, k = 1.0 N/m, ¢ = 0.4 Ns®/m,
and/ = 0.1 s*.

needed with Eq. (11) if @ = 8, whereas Eqgs. (7) and (8) together
only have three initial conditions. Also when using the standard vis-
coelastic model where « and B are taken as 1 (unity), an additional
initial condition occurs. Fliigge'® discusses these initial conditions
and indicates that they correspond to different internal states of the
material. Here all initial conditions are assumed to be zero, which
will cause problems if the load is infinite at time ¢t = 0, e.g., an im-
pulse load. The problems might be avoided by letting the lower limit
in the derivative definition (2) be 0~.

The operator d?/dt? has an eigenfunction, i.e., a function that
makes the right-hand side of Eq. (11) zero. Oldham and Spanier!!
give the eigenfunction as

X

C/[jﬂ
— ¢B-1 T
Fo = Z}.:() FIG + DA 12

‘When the constant C is C = —1/{, Eq. (11) will be homogeneous.
It may be noted that taking the Fourier transform of Eq. (11), one
obtains exactly Eq. (9).

Modal Synthesis

The Fourier transformation method may be extended to systems
with several degrees of freedom, but the method might be time
consuming. A modal analysis approach can be more advantageous.
A discrete system consisting of masses and damped springs is

considered. The springs are modeled by relationship (5),

o do

c,dA+kA._l f'+f, (13)

where f; is the force in the ith spring and A; the extension of
spring i. Equations (13) are to be solved together with Newton’s
second law for the masses to obtain the displacements of the masses.
Here it will be assumed that all of the parameters /; have the same
value / and that the orders of the derivative of the force in the spring
equations are all the same, i.e., all @; = «. Again only homogeneous
initial conditions will be considered. The forces f; in the springs
may be eliminated from the system of differential equations, and
the equations of motion of a discrete (or discretized) N-degree-of-
freedom structure can be written as, compare with Eq. (11),

d2+oz 2 d%x
x4 o8

RTER gz g TR =

(14)

Here M, C,and K are N x N matrices; x is the displacement vector;
and F is the vector of applied forces.

In many problems, the order o of the derivative is (or can be
approximated as) a rational number & = m/n, where m and n are
integers. By introducing a state-space vector (7' for transpose)

diiny dx d@itm =Dy T
y= ('x delin E de@nt+m—1H/n (15)
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with length (2n + m)N, and adding a set of dummy equations,
Eq. (14) may be rewritten as (if the parameter / is zero, only the first
2nN elements in the vector should be used)

+By=R (16)

The right-hand side vector R contains the applied forces and their
derivatives,

d*F
dr>
R= 0 an

F+1

0
The 2n+m)N x (2n+m)N matrices A and B are described in the
Appendix. The first N rows in these matrices make up the system

of equations (14) and the following equations in system (16) are
identities.

Decoupling

Equations (16) can be decoupled by use of the eigenvectors p
of the system. These are collected as the columns of the (2n +
m)N x (2n + m)N matrix P (capital rho). Modal displacements
q(t) suchthat Pg = y are introduced in Eq. (16). By premultiplying
the equation by P”, and by making use of the orthogonality prop-
erties of the eigenvectors, Eq. (16) becomes fully decoupled. One
obtains

I/n

d
diag(a;) 7 + diag(bi)g = Q (18)

where diag(a;) and diag(h;) denote the diagonal matrices PT AP
and PT B P, respectively, and Q = PT R. Distinct eigenvalues have
been presupposed.

According to Bagley and Calico® a particular solution of each
modal equation in Eq. (18) may be written as an integral,

t dlf(l/n) b,- v 1 d 9
iD= | ——|Eynl == )| =0t — 1
qi(t) ‘/(: QG- m 1/ ai‘L’ z 0i( Tydr (19)

where Ej is the 8-order Mittag-Leffler function!# defined as

oC

xP

There are homogeneous solutions to Eq. (18), but as the initial con-
ditions also are homogeneous, these solutions are not needed. The
differentiation inside the integral in solution (19) may be executed
term by term. The expression for the derivative of each term is found
in Oldham and Spanier.!' The resulting sum is

d(nll)/n b,' o0 (—bi ai)pt(p~n+l)/n
| Eun| =t ) = / @n
dt ai = Tlp+1/n]

Once the modal displacements g; have been calculated, the state-
space vector can be obtained by superposition of the modal dis-
placements according to y = Pg. The physical displacement x is
found as the first N elements of the state-space vector y.

Numerical Example 1
As a numerical example, the two-degree-of-freedom system in
Fig. 3 is studied. The order of the derivatives in the spring relations
is approximatedtoo; =m/n = %, and for numerical simplicity, the

parameters /; are taken to be zero. The remaining numerical values
are given beneath the figure. The external load is a unit impulse at
time ¢ = ¢, applied to mass m.

The system of equations to be solved is

& d?
M= 4L
dtz dt§

+Kx=F (22)

with x = (x; x,)7. The mass matrix M, the damping matrix C, and
the stiffness matrix K are

ny 0
M= 23)
0 my
C= (C‘ ta  -a ) 24)
—C2 C+c3
ky+ky  —ky
K= 25
( —ky  ky+ kz) =
The load vector is
F:[F“s(to_“)] (26)

where F; = IN. A state-space vector y with length 2nN = 12 [see
remark before Eq. (16)] is introduced as

ddx dix dx dix  aix\’
= X _
Y iy did At @d gk

System (22) is now rewritten as

d%x
dr3
d.%x
0 C 0 00 M o
C 00 0MO dx
00 0 MO O dr
0 0 M 0 0 O dix
0 M 0 0 0 0 PR
M 0 0 0 0 0 dix
d2x
arr
X
d%x
1
Kooooojf F
3
0 -C 0 0 0-M n 0
o 0o o0 o-m ofld’ 0
+ dr | =
0 0 0-M 0 0 n 0
0 0-M 0 0 0 4 0
dix
0-M 0 0 0 0 ; 0
de3
dgx
dr}
@27

The eigenvectors 5 of the system are calculated and collected
in a matrix P,

P = [5(1) '5(2) . 5(12)] (28)
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Table 1 Calculated elements b;, with rounded figures,
in diagonal matrix of Eq. (18)

i b; i b;

! 1.05 — 0.692i 7 1.05 + 0.692i
2 0.806 — 0.517i 8 0.806 4 0.517i
3 —1.12i 9 —1.05 4+ 0.692{
4 —0.875i 10 —0.806 4+ 0.517:
5 —1.05 - 0.692: 11 1.12i

6 —0.806 — 0.517i 12 0.875i

X X.

T T
Mm,w—mz

! FH77TIA7 2 B 3
Fig.3 Two-degree-of-freedom system. Parameters arem; =1 kg, m; =

2 kg, a=2, ky=1.5 N/m, ky =k3 =1.0 N/m, ¢1 =c3 =c3 = 0.4 Ns**/m,
and [=0.

x(m)
0.4
02
0.0
02
50 100 15.0
1(s)

Fig. 4 Calculated displacements, as given by Eq. (30), of masses in
Fig. 3, when mass m; is submitted to a unit impulse load atz =#; = 1.

Premultiplying the system of equations (27) with PT and intro-
ducing y = Pgq, one decouples the equations. The constants «; in
Eq. (18) are taken as unity and the constants b; are given in Table 1.

As the load in this case is an impulse load, the integral in solution
(19) is easily evaluated. The modal force Q;(¢) equals a constant Q;
multiplied by the Dirac delta function, Q;(¢) = Q; 8(t — ;). The
modal displacements are

0, r<t

o0

qi(t) = ) (=bi/a)P(t — 1) =-27 @, (29)

-, >0
T TIp+DAT
The resuiting displacements are now obtained by superposition of
the modal displacements according to

12
y0) = Pg) =Y g1 (30)

i=1

The displacements of the two masses are plotted in Fig. 4.

Eigenvector and Eigenvalue Calculation

The system of equations (16) tends to become very large when
the denominator n of the order & = m/n of the derivative is large.
When the system is rewritten from its original form (14) into the
state-space form (16), no new information is added. Therefore it
should be possible to calculate the desired eigenvectors from the
original, smaller matrices M, C, and K rather than from the large
matrices A and B.

The eigenvectors of the system (16) may be expressed by use
of the eigenvalues and the eigenmodes of the original, smaller sys-
tem (14),

p(i)
. i)/ p®
PO = : €y

(iwi)(Zn +m— 1)/np(i)

where 5@ are the 2n + m)N x 1 eigenvectors of the extended
system, o are the N x 1 eigenvectors of the original system, and
(iw;)'/" are the eigenvalues. This form is easily verified by substi-
tution into Eq. (16). It is often convenient to denote the eigenvalues
by &; = (iw)'/".

System (16) with R = 0 has 2n + m)N eigenvalues (iw;)"/".
To find all of these eigenvalues, normally two different methods
have to be used. By applying the Fourier transform to the system of
equations (14), one obtains

UMGEw)* ™ + M) + CGw)® + K13 = [1 + w)*]1F (32)

Dividing by [1 + /(iw)*] and letting F =0, one obtains the eigen-
value problem

. Clw)*+ K | .
Mw)?+ ———{2=0 33
[ (fw)* + T lGa) ]x (33)
Witha = m/n, > = (iw)'/”, and £ = p, this may be written
CiV"+ K
M =0 34
< M )p GY

From this eigenvalue problem the first 2nN eigenvalues may be
found. Here the method by Abrahamsson'? is used. That method in-
volves Taylor’s formula to rewrite the frequency-dependent stiffness
matrix defined as
Cliw)*+ K
E@)=M(io) + ———— 35

(@ = Moy + T (35)
Close to known approximations w, and p, of the eigenfrequency
and eigenmode, respectively, Taylor’s formula yields for eigenvalue
problem (33)

IE(w))
dw

[E(wp) + Aw } (op +Ap) =0 (36)

The smallest eigenvalue Aw of this linear eigenvalue problem gives
a new approximation of the eigenfrequency as @, | = o, + Aw.

The calculations involve evaluating the power (iw)'/" that has n
different roots. By using different branches, n eigenvalues may be
found, each corresponding to one branch. As starting values the pos-
itive and negative eigenfrequencies of the corresponding undamped
system may be used, i.e., the system with the same matrices M and
K but with [ and the matrix C put to zero. With these 2N starting
values, each yielding » eigenvalues, one may in total obtain 2nN
eigenvalues.

A different method is needed to find the remaining m N eigenval-
ues. First it may be noted that if the parameter [ is zero, there are only
2nN eigenvalues, which all may be found by the method described
earlier. Bagley!® proposed a method starting from Eq. (32). Letting
F =0, one obtains the eigenvalue problem

UMAT " L M+ CA" + K)p =0 37

where & = m/n, A = (iw)"/", and £ = p has been used. Denoting
the pth estimate of the ith eigenvalue by 1; , and the (p + 1)th
estimate by A; , 1, the iterative scheme is

[M (i a2 00 ) OO+ Kl =0 (38)

nLp nLp
where pf)'ir , is the (p 4 1)th estimate of the ith eigenmode. Letting

r = l)\i,er])\'zn +m—1 + )\.211 (39)

ip ip
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and

K;,=C\" +K (40)

ip

the scheme may be written
d p+1 ( /r) p+1 ( : )

The eigenvalues r of this eigenvalue problem are used to cal-
culate a new estimate of the eigenvalue A; .. As there are N
eigenvalues r, one may arrive at N different estimates A; . 1.
This calculation assumes that A; ,. | is on the principal branch of

a7, D1/™ . Otherwise the new estimates is calculated from the kth
branch of

r—a \" o
i.p
Aipr1 = (M;Hm—l) 42)
ip

Discussion of Some Properties

There are some properties that may be noted to reduce the calcu-
lations. The eigenvectors 5 and the eigenvalues (iw;)!/" of system
(16) satisfy

[Gw)/"A+ BV =0 43)

Taking the complex conjugate (here denoted by an overbar) of this
equation, one obtains

[Gw)'/"A+ B]p® =0 @4)

as the matrices A and B are real. This shows that if (iw;)'/" is an
eigenvalue, then its complex conjugate (iw;)!/" is also an eigenvalue,
and the corresponding eigenvector is the complex conjugate 5@ of
the eigenvector. An exception occurs when the eigenvalue (i w;)"
is real. In that case Eqgs. (43) and (44) are identical, and the real
eigenvalues do not necessarily appear in pairs.

The constants g; and b; of the diagonal matrices in Eq. (18)
may be written in a simpler form. Carrying out the multiplication
29T A and taking into account the character of the eigenvectors,
one gets

4 = 50T AFD = m(iw,) ™=/ pOT Cp®

+ zn(iwi)(%— 1)/np(i)TMp(i)
+ (2}1 + m)(iwi)(Zn +m— l)/np(i)TlMp(i) (45)
Similarly, the constants b; are
bi = pOTBED = pOT K p® _ (m — 1) (i)™ p©T Cp®
—@n = D)o Mp?
— @1+ m = D)@ +min oOT 315 (46)

A relation between a; and b; may be obtained starting from the

identity
[Go)'/"a+ B]p® =0 @7

Premultiplying with 57, one obtains

() "a; +b; =0 (48)

—bi/a; = (o) (49)

It is thus seen that the constants b; need not be explicitly calculated
and that the constants a; are easily evaluated from the original,
smaller system by Eq. (45).

Numerical Example 2

A two-degree-of-freedom system like that in Fig. 3 is studied once
more, but with other numerical values. Mass m; is now submitted
to a unit step load at time #;, F; = F;®(t —1,), where F; = 1IN and
©(1) is the Heaviside function,

0, t <0

Mass m; carries no load. The order of the derivatives is & = %, and
the other numerical values used are given in Fig. 5. The system of
equations to be solved is

5 1 1
a3 ex db aiF

IM=E + M+ C= +Kx=F+1— (1)
dr? dr dr? dtz

with x = (x; x,)7. The matrices M, C, and K are the same as in
Eqgs. (23-25). The %-order derivative of the load-is found in Oldham
and Spanier!! as

0, t<t1
)]
=3 ~ (t—1)2 52
det Fl————~——( 11)2, r> 1 (52)
r(s)

Introducing a state-space vector y,

dix dx dix @\’
=f{x — — —_
Y der At g3 d?

Table2 Calculated eigenvalues and eigenvectors,
with rounded figures, pertaining to system (53)

i (w)? = —bi/a; p®"
1 0.948 + 1.02 (1; —0.394 +40.00654i)
2 0.948 — 1.02/ (1; —0.394 —0.00654i)
3 —0.951 — 0.838i (1; —0.413 -0.0156i)
4 -{0.951 + 0.838i (1; —0.413 +0.0156i)
5 0.638 + 0.688; (1; 1.26 +0.0166i)
6 0.638 — 0.688i (I, 126 —0.0166)
7 ~0.639 — 0.560i (I 122 —0.0266)
8 —0.639 + 0.569 (1; 122 40.0266i)
9 —9.994 (1; —0.346)
10 —9.998 (1; 1.45)
x(m)
0.8}
0.6}
0.4}
0.2
0.0 50 10.0 15.0
1(s)

Fig. 5 Calculated displacements of masses in Fig. 3 when mass m; is
submitted to a unit step load at ¢ = #; = 1 5. Parameters are m; = 1 kg,
my =2Kkg ky =k =1ONmM, ky = L5N/m, o= J,e1=cy = ¢3 =
0.4 Ns"2/m, and = 0.1 s'2,
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{with length 2n + m)N = 10] the system of equations (51) may
be rewritten as

dr?
dx
cC 0 0 M IM T
0 0 M IM 0 R
d2x
0 M IM 0 0 :
M IM 0 0 0 dgz
IM 0 0 0 0 d'x
dr?
d%x
\ a?
X
d%x
K 0 0 0 dri
0 0 0 M -IM dx
+l0 o -M —-M 0 dr
0 -M —IM 0 0 aix
0 —IM 0 0 0 o
dx
\dﬂ
diF
F 41—
drs
0
- 53
0 (53)
0
0

Eight eigenvalues may be obtained by use of Eq. (36). As starting
values the eigenvalues of the corresponding undamped system are
used, i.e., the eigenvalues of the system

[MGw)*+K1x =0 (54)

The remaining two eigenvalues are obtained from scheme (41). The
starting value used is the root of the equation

1+ =0 (55)

i.e., kg = —10. All eigenvalues are listed in Table 2 together with
the eigenvectors.

As expected, the eigenvalues appear in complex conjugate pairs,
except for the last two eigenvalues, which are real. Also the absolute
values of these two eigenvalues are larger than the absolute values
of the first eight eigenvalues.

The modal displacements g; are now obtained from Eq. (19)
where the constants a; are calculated from Eq. (45). For the first
eight eigenvalues the derivative in the integral (19) may be evalu-
ated numerically by taking enough terms of the sum in Eq. (21), but
for the last two eigenvalues the sum will not converge fast enough.
As the last two eigenvalues are real, the sum may be rewritten by
use of the incomplete gamma function. The sum is first divided into
n separate sums. Here n = 2 and one has

i D
Tip+1/21 ()

=0
i [—(bi/ai)t%]p

T { 2, Tgnar

i 2k

_ l‘lE _% . Z
O ZZJ{ZF[(j-l)/2+1+k]} 0

k=0

["‘(bi/ai)t%]p]

, i Tllp+D/2)

where z = —(b; /a;)t"/* and p = j-+2k. According to Press et al.,!’
the sum within the last braces is almost a series development of the
incomplete gamma function ¥ [(j — 1)/2, 7%], i.e.,

o 2k .
~22 2\~ D)2 2 _(i=1 »
R ;r[u—n/uwk]”( 2 ’Z>
57)

Here the incomplete gamma function is defined as

1 t
a,t) = — e~ dy, a>0 58
4 F(a)j; (58)

The sum in Eq. (56) reduces to
i (—b;/a;)Pt P~V
= Ti(p+1/2]

_,—%{ ! +e22[zy(0 zz)-+—|z|y<l zz>” (59)
r(3) 2

The value of y(0,z%) is taken as the limit value lim,_, g+
y(a, z%) = 1 except for z2 = 0. When z? is no longer small, the
second incomplete gamma function will also yield 1 (unity), and
therefore the terms within the last brackets of Eq. (59) will then
cancel out, as z = —(b; /a;)t'/* is negative.

Once the sums for the derivatives have been evaluated, the integral
in Eq. (19) may be calculated numerically. The resulting physical
displacements are then found by superposition of the modal dis-
placements,

10
x) =Y pVg) (60)
i=1

The calculated displacements are shown in Fig. 5.

Concluding Remarks

The fractional derivative damping model! has been studied. Small
problems are seen to be easily solved in the Fourier domain. The
solution may then be numerically transformed back into the time
domain.

The use of a modal synthesis method to solve transient vibra-
tion problems in the time domain is explored for systems modeled
with fractional derivatives. Introducing a state-space vector con-
taining fractional derivatives of the displacement and a number of
dummy equations, one expands the system of equations. The equa-
tions can then be decoupled by use of the complex eigenvectors of
the system. The solutions of the resulting modal equations contain
fractional derivatives of so-called Mittag-Leffler functions. Even-
tually the displacements are obtained by superposition of the modal
displacements, weighted by the eigenvectors. It is also shown that
the expanded equation matrices need not be numerically established
since all information needed is obtainable from the original system.
However, the present author has in some cases had convergence
problems with the eigenvalue iteration method in Eq. (41) for the
last eigenvalues.

To calculate the fractional derivatives of the Mittag—Leffler func-
tions, infinite sums have to be estimated. This can here often be done
by only taking into account a finite number of terms in the sums.
Note that a rather large number of terms (about 300 have been used)
has to be included for the sums to converge, and further studies are
suggested to find a more efficient way to calculate these sums.

Appendix: Matrices A and B

The 2n + m)N x (2n + m)N [see the remark before Eq. (16)]
matrices A and B in Eq. (16) are given next, where 0 denotes an
N x N null matrix. The first N rows in the matrices A and B make
up the system of equations (14) [these rows are marked by 1 in
Eq. (A1)] and the following rows give identities in the system (16).
These dummy equations are chosen to make the matrices A and B
symmetric (provided that M, C, and K are symmetric). Note that if
the first row and the last column of matrix A and the first row and
the first column of matrix B are removed, then the remaining matrix
B will be the negative of the remaining matrix A:
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-0 0
2 0 C
0 C 0
m—1 0
m C
m+1 0
A= )
2n—1 0
2n M
2n+1 0
2n+m—-1| 0 0
2n+m. LIM 0
0 0 —-C
0 0 -C 0
0
-C
0
B =
0
-M
0
0 0
0 —-IM 0
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